Abstract. Shelah [6] considered a certain version of Strong Chang's Conjecture, which we denote SCC cof , and proved that it is equivalent to several statements, including the assertion that Namba forcing is semiproper. We introduce an apparently weaker version, denoted SCC split , and prove an analogous characterization of it. In particular, SCC split is equivalent to the assertion that the the Friedman-Krueger poset is semiproper. This strengthens and sharpens the results of Cox [1] , and sheds some light on problems from Usuba [9] and Torres-Perez and Wu [8] .
Introduction
Foreman-Magidor-Shelah [3] considered a strong version of Chang's Conjecture, 1 which they used to show that, under Martin's Maximum, the saturation of the nonstationary ideal on ω 1 cannot be destroyed by c.c.c. forcing. Their version can also be used to prove stronger saturation properties of the nonstationary ideal (see the recent Dow-Tall [2] , Lemma 3.11). Todorcevic [7] considered a strictly stronger version of Chang's Conjecture, which we denote SCC, and proved that SCC implies WRP([ω 2 ] ω ), which means that every stationary subset of [ω 2 ] ω reflects to some ordinal of size ω 1 .
2 Shelah [6] considered an apparently stronger version, which we denote SCC cof , and proved the following interesting characterization of it (see Section 2 for the definition of SCC cof and other terms):
Theorem 1.1 (Shelah) . The following are equivalent:
(a) SCC cof (b) Namba forcing is semiproper.
(c) There exists some semiproper forcing that forces ω V 2 to be ω-cofinal. (d) Player II has a winning strategy in the following game of length ω. Player I plays F n : ω 2 → ω 1 , player II responds by an ordinal δ n < ω 1 . Player II wins iff, letting δ ω := sup n δ n , there are cofinally many α < ω 2 such that ∀n ∈ ω F n (α) < δ ω . We will denote this game G cof .
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1 Their version asserts that for every stationary S ⊆ ω 1 and every F : [ω 2 ] <ω → ω 2 , there exists an X ⊂ ω 2 such that X is closed under F , |X| = ω 1 , and X ∩ ω 1 ∈ S.
2 SCC is strictly stronger than the version from Foreman-Magidor-Shelah [3] , since the version from the latter is preserved by adding a Cohen real, whereas SCC is not; see Todorcevic [7] .
(e) For every Skolemized structure A in a countable language extending
the particular strategy, where II plays ω 1 ∩Hull A (F 0 , F 1 , . . . , F n ) in the game G cof described in part (d), 3 is a winning strategy for player II in that game.
In [4] , Friedman and Krueger considered the poset that adds a Cohen real and then shoots a club to kill the stationarity of ([ω 2 ] ω ) V using countable conditions; let Q FK denote this poset, which always preserves stationary subsets of ω 1 . We will sometimes refer to it as the Friedman-Krueger poset. They asked whether ZFC proves that Q FK is semiproper. This was answered negatively in Cox [1] , where it was shown that semiproperness of Q FK implies SCC, and hence has large cardinal consistency strength. In fact, in [1] , semiproperness of Q FK was sandwiched between two versions of Strong Chang's Conjecture, though those two versions were also shown there to be non-equivalent.
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In this paper we introduce another version of Strong Chang's Conjecture, denoted SCC split , and prove Theorem 1.2 below, which is analogous to Shelah's Theorem 1. Player II has a winning strategy in the following game of length ω, which we denote by G split A . Player I plays F n : ω 2 → ω 1 , and player II responds with some δ n < ω 1 . Player II wins iff, letting δ ω := sup n δ n , there exist α, β < ω 2 such that:
• ∀n < ω, F n (α) and F n (β) are both < δ ω ; and
(e) For every Skolemized structure A in a countable language extending (H ω3 , ∈), the particular strategy, where II plays
, is a winning strategy for player II in that game.
Section 2 provides some background, and Section 3 proves the main Theorem 1.2. Section 4 discusses how Theorem 1.2 sheds light on a question that was asked directly by Usuba, but is closely related to other questions in the literature. 3 
Hull
A (X) denotes the Skolem hull of X in the structure A. 4 Specifically, the principle SCC cof gap was shown to imply semiproperness of Q FK , which in turn was shown to imply SCC. That SCC cof gap is strictly stronger than SCC, and even strictly stronger than SCC cof , was shown in Section 3 of [1] .
Preliminaries, and versions of Strong Chang's Conjecture
Given sets M and N , M ⊑ N means that M ⊆ N and M ∩ ω 1 = N ∩ ω 1 . Given a poset P, a countable N ≺ (H θ , ∈, P), and a condition p, we say that p is an (M, P)-semimaster condition iff for everyα ∈ M that names a countable ordinal, p α ∈M ∩ ω 1 . This is equivalent to requiring that p M ⊑M [Ġ]. We say P is semiproper iff for every θ with P ∈ H θ , every countable M ≺ (H θ , ∈, P), and every p 0 ∈ M ∩ P, there exists a p ≤ p 0 that is an (M, P)-semimaster condition.
We frequently use the following fact (see e.g. Larson-Shelah [5] ):
Fact 2.1. If θ is regular uncountable, A is a structure on H θ in a countable language which has definable Skolem functions, M ≺ A, and Y is a subset of some η ∈ M , then Hull
Definition 2.2. We define three principles, denoted SCC cof , SCC split , and SCC, in parallel: for all sufficiently large regular θ and all wellorders ∆ on
The principles SCC and SCC cof have been considered many times in the literature, though the terminology is highly inconsistent; see Table 1 (p. 622) of [1] for a summary of their use in the literature. The principle SCC split has not, as far as the authors are aware, been considered before.
Remark 2.3. If M ⊑ N and both are elementary in (H θ , ∈, ∆), then M ∩ ω 2 is an initial segment of N ∩ ω 2 . This is because if α ∈ M ∩ ω 2 and f is the ∆-least surjection from ω 1 → α, then f ∈ M ⊑ N and so
Hence in the definition of SCC, we could have equivalently required that sup
Proof. The right implication is obvious, since if M 0 and M 1 are both ⊑-extensions of M whose intersections with ω 2 are ⊆-incomparable, then both must properly extend M below ω 2 .
For the left implication, consider any countable M ≺ (H θ , ∈, ∆) (with θ and ∆ as in Definition 2.2), and construct a ⊑-ascending chain M i : i < ω 1 of countable elementary substructures of (H θ , ∈, ∆), such that M 0 = M and sup(M i+1 ∩ ω 2 ) > sup(M i ∩ ω 2 ) for all i < ω 1 ; this can be done by applying SCC cof (or just SCC) at successor steps, and taking unions at limit steps. Let X := i<ω1 M i and η := sup(X ∩ ω 2 ). By SCC cof there is some countable N such that M ⊑ N ≺ (H θ , ∈, ∆), and sup(N ∩ ω 2 ) > η. Since X ∩ ω 2 is uncountable, there is some i 0 < ω 1 such that
The following lemma is convenient for a couple of reasons. First, it implies that if SCC split fails, then it fails for stationarily many M ∈ [H θ ] ω . Also, it allows us to replace "every" with "club-many" in the definition of SCC split , but without having to expand the structure in which we require elementarity of the end-extensions. This latter feature is useful, for example, in the proof in Section 3.6.
Lemma 2.5. The following are equivalent.
(
The proof of Lemma 2.5 is almost identical to the proof of Lemma 13 of [1] , so we omit it.
We now state a convenient characterization of SCC, which in particular shows why it is a strong form of Chang's Conjecture. By a Chang set or Chang structure we mean a set X such that |X ∩ ω 2 | = ω 1 and X ∩ ω 1 ∈ ω 1 . If X is a Chang elementary substructure of (H θ , ∈), then X ∩ ω 2 always has ordertype exactly ω 1 .
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Lemma 2.6. The following are equivalent:
(1) SCC (2) For all sufficiently large regular θ, all wellorders ∆ on H θ , and all countable
If "all countable M " in the second clause of Lemma 2.6 is replaced by "stationarily many countable M ", the result is a characterization of the classic Chang's Conjecture.
Proof of Theorem 1.2
In this section we prove Theorem 1.2. We believe it is conceptually simpler to essentially separate items (a) through (c) from items (d) and (e). This results in one redundant step. Specifically, we prove that 
(a) =⇒ (b). Assume SCC
split , and fix a sufficiently large regular θ and a wellorder ∆ on H θ . Fix any countable M ≺ (H θ , ∈, ∆), we recursively define a binary tree T M of height ω isomorphic to the tree 2 <ω as follows. Set M := M , and given s ∈ <ω 2, use SCC split to find countable M s ⌢ 0 and M s ⌢ 1 that both ⊑-extend M s , are elementary in (H θ , ∈, ∆), and are ⊆-incomparable below ω 2 .
Proof. (of Claim 3.1.1): Suppose toward a contradiction that z := ω V 2 ∩ n∈ω M σ↾n is an element of V ; we will use z and T M to define σ in V , yielding a contradiction. In W , set b σ := M σ↾n : n < ω . To decode σ from z and T M , consider first the root M = M of T M , and its two immediate successors, M 0 and M 1 . Now: 
, since M is the root of the tree T M . Also, it is a standard fact that for every n < ω, M σ↾n [σ] is an elementary substructure of (H θ [σ], ∈). Now
and it follows that M ω [σ] is also elementary in (H θ [σ], ∈). By Claim 3.1.1, ω
The following claim completes the proof:
(In fact we prove they have the same intersection with ORD).
Proof. (of Claim 3.1.2): Since σ is generic for a c.c.c. forcing, σ includes a master condition, namely ∅, for every countable elementary model from V . In particular, σ includes a master condition for M σ↾n for every n < ω, so
Together with (1), this completes the proof of the claim.
(b) =⇒ (c).
This direction is trivial, since the Friedman-Krueger poset clearly kills the stationarity of ([ω 2 ] ω ) V .
7 More precisely, using the contradiction assumption that z ∈ V , working V we can recursively define the function r : ω → 2 by letting r(n) be the unique node immediately above M r↾n in T M whose intersection with ω 2 is an initial segment of z, if such a node exists. Then in W , it is routine to recursively check that z contains, as an initial segment, exactly one element of the set
, and moreover that the one it contains is the model at level n + 1 of bσ. Hence r = σ, and so σ ∈ V , a contradiction. 
(c) =⇒ (a)
So (c) implies SCC, but we want SCC split . Now assume toward a contradiction that SCC split fails. By Lemma 2.5, it fails for stationarily many elements of [H θ ] ω ; let S denote this stationary set. For each M ∈ S, use Claim 3.3.1 and Lemma 2.6 to choose a Chang set X M such that M ⊏ X M ≺ (H θ , ∈, ∆). Below, "Hull" refers to the Skolem hull in the structure (H θ , ∈, ∆).
Proof. 
. Claim 3.3.1 and Lemma 2.6 ensure that there is a Chang ⊑-extension
<ω → ω V 2 be a P-name witnessing that P kills the stationarity of ([ω 2 ] ω ) V ; so P forces that every countable set closed underḞ fails to be in the ground model.
Since P is semiproper, there exists some (M, P)-semimaster condition p. Let G be generic with
Consider any ζ < η. Then N ∩ ζ ∈ V , and hence Hull(N ∩ ζ) ∈ V (here the hull is in (H θ , ∈, ∆) ). Then by Claim 3.3.3, ω 2 ∩ Hull(N ∩ ζ) is an initial segment of X M ∩ ω 2 . It follows that
But X M ∩ ω 2 ∈ V and hence so are all of its initial segments. So N ∩ η ∈ V , a contradiction.
(a) =⇒ (e)
We claim this is a winning strategy for player II in G split A
. Let
By SCC split there exist α, β < ω 2 such that X(α) := Hull A (X ∪ {α}) and X(β) := Hull A (X ∪ {β}) both ⊐-extend X, but are ⊆-incomparable below ω 2 .
Proof. (of Claim 3.4.1): suppose toward a contradiction that they are equal. Then
Then by Remark 2.3, X(α, β) ∩ ω 2 end-extends both X(α) ∩ ω 2 and X(β) ∩ ω 2 . But this implies that one of X(α) ∩ ω 2 and X(β) ∩ ω 2 is a subset of the other, contrary to our choice of α and β.
By Claim 3.4.1 and Fact 2.1, there is some h : ω 2 × ω 2 → ω 1 with h ∈ X such that h(α, β) ≥ X ∩ ω 1 . But note by definition of X that h ∈ Hull A ({F n : n ∈ ω}). This takes care of the final requirement in the definition of "II wins" in the game G split A . Note that since F n ∈ X for every n, and by the fact that X ⊏ X(α) and X ⊏ X(β), we have the other requirements satisfied as well. So player II wins the game.
(e) =⇒ (d).
This direction is trivial.
(d) =⇒ (a)
. Let ∆ be a wellorder on H ω3 , let A = (H ω3 , ∈, ∆), and suppose Player II has a winning strategy in the game G split A . We want to prove that SCC split holds. By Lemma 2.5, it suffices to show that for club-many M ∈ [H ω3 ] ω , there exist α, β < ω 2 such that
Note that this would imply in particular that α / ∈ Hull A (M ∪ {β}) and β / ∈ Hull A (M ∪ {α}). We claim this is true for every countable M that is elementary in the expanded structure A ⌢ σ, where σ is any winning strategy for Player II. 9 Fix such an M , and let F n : n ∈ ω enumerate M ∩ ω2 ω 1 . Define a run of the game, where Player I plays the F n 's, and Player II responds according to the strategy σ. Let α, β, and 9 Note that σ can be viewed as a predicate on Hω 3 , which is the universe of A, so the expanded structure makes sense.
h ∈ ω2×ω2 ω 1 ∩ Hull A ({F n : n ∈ ω}) be witnesses to the fact that II wins the game (as defined in clause (d) of Theorem 1.2).
Note that since M ≺ A ⌢ σ and Player I's moves are functions from M , the output of σ at each stage n of the game, which we will denote by δ n , is an element of M ∩ ω 1 . Hence M ∩ ω 1 ≥ δ ω = sup n δ n . On the other hand, for every ξ ∈ M ∩ ω 1 , there is some n < ω such that F n has constant value ξ, and hence, since α, β witness that Player II wins, in particular
Now since α, β, h witness that Player II wins the game, and since F enumerates exactly M ∩ ω2 ω 1 , Fact 2.1 ensures that M , M (α) := Hull A (M ∪ {α}), and M (β) := Hull A (M ∪ {β}) all have the same intersection with ω 1 , namely δ ω . Here we emphasize that the hulls are taken in A, not in the expanded structure A ⌢ σ. On the other hand, h ∈ Hull A ({F n : n ∈ ω}) ⊆ M , and hence
Since α, β, h witness that Player II wins the game, h(α, β) ≥ δ ω . But since h ∈ M , this implies that h(α, β) ∈ Hull A (M ∪ {α, β}), and hence the latter's intersection with ω 1 is strictly larger than M ∩ ω 1 .
Concluding Remarks
Consider the following implications discussed earlier (the last implication is the one due to Todorcevic [7] , mentioned in the introduction):
Usuba asked:
Question (Usuba [9] , Question 3.14 part 4). Is SCC cof equivalent to SCC?
In light of our Theorem 1.2, Shelah's Theorem 1.1, and the implications in (4), a positive answer to Usuba's Question would imply that semiproperness of the Friedman-Krueger poset implies semiproperness of Namba forcing. We conjecture this is false.
On a related topic, Torres-Perez and Wu proved in [8] that SCC cof , together with failure of CH, implies the Tree Property at ω 2 . They asked (Question 4.1 of [8] ) whether their assumption of SCC cof could be weakened to (¬CH plus) WRP([ω 2 ] ω ). In light of the implications in (4), it is also natural to ask if their assumption could be weakened to (¬CH plus) either SCC split or SCC. We conjecture that their assumptions cannot be significantly weakened; i.e. that ¬CH plus SCC (and possibly even SCC split ) is consistent with an ω 2 -Aronszajn tree. We also include a technical question. The proof that SCC split implies semiproperness of the Friedman-Krueger poset made use of the fact that the first step of the Friedman-Krueger poset (i.e. Cohen forcing) is c.c.c.; this was used in the proof of Claim 3.1.2, to ensure that the generic real includes a master condition for every model along the generic branch b σ of the tree T M . More generally, the proof of Theorem 1.2 shows that SCC split is equivalent to semiproperness for any poset of the form "add a new real and then shoot a club through [ω ω \ V " is strictly stronger than SCC split .
